Abstract-Considering a densely populated area where a mobile device, with a single RF chain, shares its message with a set of mobile devices through narrowband mmWave channel, an analogue-beam splitting approach is proposed to achieve a good capacity and coverage trade-off. The proposed approach aims at maximizing the capacity of the mmWave multicast channel through antenna-element grouping and adaptive phase shifting, which takes into account of the inter-beam interference. When receivers are randomly distributed on a circle centered at the transmitter, according to the uniform distribution, it is found that the impact of inter-beam interference on the channel capacity can be negligibly small, and thus the analoguebeam splitting approach can be largely simplified in practice. Computer simulations are carried out to elaborate our theoretical study and demonstrate considerable advantages of the proposed analogue-beam splitting approach.
I. INTRODUCTION
Mobile operators are currently facing the technical challenge for delivering data and voice services to their customers in densely populated areas such as stadium hot-spot, airport, business center, shopping mall, tube station and many others [1] . Investment in spectrum license or network infrastructure (such as dense MIMO networks) might be a possible approach to handle the challenge however at significant pay for CAPEX and OPEX. A cost-effective approach could be by allowing for mobile devices to form direct communications (i.e. D2D), which can be particularly useful for network traffic offloading when users in a local area share common interest in mobile contents [2] , [3] . Despite, the existence of many D2D links renders the network performance very interference limited. Such motivates the use of mmWave band (lower license cost or unlicensed spectrum) for local D2D communications [4] , while the access network remains on the conventional radio frequencies (typically below 6 GHz) [5] .
Current mmWave technology is optimized for fixed point-to-point (P2P) communications due to its nature of using directional signal transmission for the purpose of coverage extension [6] . Moreover, mobile devices are often equipped with a single RF-chain for the sake of cost efficiency [7] . Those facts rather limit the multiuser capability of D2D communications, which are however critical for the spectral efficiency when a mobile user wants to share its contents with a number of local mobile users. A straightforward approach is by allowing the transmitter to communicate with its desired receivers through beam steering in the time-division duplexing (TDD) manner [8] . By this means, the channel capacity decreases linearly with the number of receivers. Alternatively, it is possible to conduct D2D multicast through analogue multiuser beamforming. Given a single RFchain, the radio beams are formed through analogue phase-shifting array [9] . Thanks to the use of large excess of transmit-antenna elements over receivers, antenna elements can be divided into several groups with each forming an analogue beam to serve a receiver; such is called the analogue-beam splitting approach in this paper.
The use of analogue-beam splitting for multicast could face two problems. One is the inter-beam interference which can be either constructive or destructive depending on the phase difference between the signal and the interference. The other is the fundamental trade-off between the radio coverage and the user capacity; as increasing beams often mean reducing signal-to-noise ratio (SNR). In this paper, we investigate these two problems through both theoretical analysis and computer simulations.
Our investigation starts from the theoretical study of the mmWave multicast channel capacity and the coverage [10] . The capacity-coverage trade-off is mathematically established incorporating the correlation between receivers. Given the beamforming design for multicast a NP-hard problem, an analogue-beam splitting approach is developed as a sub-optimum solution, with its feasibility condition and design principle being mathematically justified. It is shown that the receiver correlation introduces inter-beam interference, which could be either constructive or destructive. Considering the use of large excess of transmit antenna-elements over receivers, it is found that the inter-beam interference is negligible; and such largely simplifies the analogue-beam splitting approach. In terms of the multicast channel capacity, it is shown that the proposed analogue-beam splitting approach significantly outperforms the TDD beam-steering approach by 2 − 3 fold. This result is elaborated through computer simulations with a practical mmWave channel model.
II. MODELING D2D MULTICAST OVER MMWAVE CHANNEL

A. MmWave D2D Multicast Model
Consider a two-dimensional (2D) wireless communication model, where a mobile device shares a common message to its desired mobile receivers located on a circle centered by the transmitter; see Fig. 1 . The transmitter-receiver separation is the radius of the circle denoted by d. Such a simplified system model is widely used for the link-level study [4] , and thus it is of our interest. Furthermore, it is assumed that all mobile devices have a single RF-chain associated with N antenna elements either for the transmission or reception.
Denote s to be the information-bearing symbol sent by the transmitter. Prior to transmission, a (N ) × (1) beamforming vector b is employed to map s onto the antenna elements, with the transmitted waveform represented by a (N ) × (1) vector
It is worthwhile to note that the beamforming vector b is generated by the RF phase-shift array, and thus each element of
T has an unity gain:
The waveform x goes through the mmWave channel between the transmitter and the k th receiver [11] 
where L stands for the number of multipath, g l for the gain of the l th propagation path, K for the number of receivers, θ k,l for the angle of departure (AoD), φ k,l for the angle of arrival (AoA) with T stands for the matrix/vector transpose. The vectors α r (φ k,l ) and α t (θ k,l ) are defined by:
, where λ is the wavelength, and q the separation between neighboring antenna elements, which is often set to q = λ 2 for the narrowband mmWave channel. The received waveform at the k th receiver is given by
where
T is the receiver beamforimg vector with |r n | = 1, ∀n ∈ [0, N − 1], and v k the white Gaussian noise with zero mean and variance of σ 
B. Multicast Capacity
Given (4), the channel capacity for the transmitter to the k th receiver link is
Since receivers are interested only in the common message, the multicast channel capacity is simply the mincut capacity
For the sake of spectral efficiency, the transmitter shall maximize the capacity C by finding the optimal configuration for b
Here we represent the capacity C as a function of b by assuming the knowledge of H k , whilst the receiver beamforming r k can be individually optimized at the receiver side. The optimization for (7) is the typical maxmin capacity problem, which is NP hard [12] . Therefore, a sub-optimum approach will be introduced in Sec. III.
C. Multicast Coverage
The multicast coverage highly depends on the number of users (i.e. K) as well as their mutual correlations. When the channels for all receivers are fully correlated (i.e. identical H k , ∀k), the coverage issue is equivalent to the P2P case, where the capacity is directly linked to the transmitter-receiver separation. When the channels are mutually orthogonal (i.e.
H for the matrix Hermitian transpose), the power of s has to be evenly allocated to each receiver; and this is the worst-case scenario where the signal-to-noise ratio (SNR) degrades linearly with the number of receivers.
In the general case when receivers distribute randomly on the circle, the channel correlation between receivers becomes very random. The correlation between arbitrary two receivers is determined by the AoD, and it can be mathematically defined by
. When receivers distribute uniformly on the circle, it can be numerically shown that ρ(k 1 , k 2 , l 1 , l 2 ), for l 1 = l 2 , has its amplitude following approximately the exponential distribution with p(|ρ| < 20%) > 90%, and its phase following linear distribution within the range (−π, 0) and (0, π) respectively, with the maximal probability (around 3.3%) occurring for ∠ρ close to 0, and the least probability (around 0.05%) occurring for ∠ρ close to −π or π. It is worthwhile to note that the numerical result is obtained for the case of N = 32, and the amplitude of ρ will become smaller given a larger N . Basically, it can be concluded that the channel correlation between receivers is mostly very weak. On the other hand, the phase of ρ varies widely, and it could render the channel correlation either constructive or destructive. In a very optimistic case assuming no destructive correlation, the power allocation for receivers (or equivalently SNR for each receiver) scales with the number of receivers approximately as
which counts only two-receiver mutual correlation. This result reflects the trade-off between the user capacity (i.e. K) and the coverage (i.e. SNR). It is clear that the SNR at each receiver degrades still linearly with the number of receivers. Given the correlation as small as 20% or below, the impact of ρ to the coverage is not considerable particularly for a large K.
III. ANALOGUE-BEAM SPLITTING FOR D2D MMWAVE MULTICAST
Given the optimization for (7) a NP-hard problem, we propose an analogue-beam splitting approach as a sub-optimal solution. The proposed approach simply divides the transmit antenna-elements into K groups, with each having N = (N )/(K) antenna elements. When N is not an integer, there are (N − N K) groups having ( N + 1) antenna elements, and others having N antenna elements. A receiver with lower SNR is suggested to be allocated into the group with more antenna elements for the SNR enhancement. The suggested solution is surely sub-optimum. One might argue for an optimum solution, which can be an interesting work for further research. For the sake of simplifying our presentation, we assume N to be an integer for the rest of the paper.
A. Orthogonal Beam Splitting and Feasibility Condition
Mathematically, the concept of beam splitting (or antenna-element grouping) is to split the beamforming vector b into K sub-vectors with each having the size of (N ) × (1). The objective is to assure SNR k to be identical ∀k ∈ [0, K − 1], which means
Considering the fact of very weak multipath components in the mmWave channel, (11) can be approximately represented by
Given α r (φ k ), one can always find a r k fulfilling |r
T and a Hermitian matrix
The diagonal entry of Ψ gives:
, and in this case we have
where λ is the singular value of Ψ, and u = [u 0 , ..., u K−1 ] T the singular vector corresponding to λ with |u k | = 1, ∀k. Hence, we can conclude: Lemma 1. Suppose the multicast channel forming the matrix A. If there exists such a λ and u fulfilling the condition (16), then it is possible to find a beamforming vector b that ensures identical SNR at all receivers.
Lemma 1 gives the feasibility condition for finding the beamforming vector b. However, the optimum solution to (16) is not easy to find in its general form. Nevertheless, it is not hard to find b for some special cases. The proof of Lemma 2 is rather trivial through the use of IDFT/DFT property and thus abbreviated (see [13] for detail derivation). Our interest is mainly on the antennaelement grouping method suggested by Lemma 2, (17). Intuitively, when the multicast channel is a part of the normalized IDFT/DFT matrix, Lemma 2 suggests the use of antenna element with the index (k : K : (N − 1)K + k) to serve the k th receiver. In this case, the SNR at every receiver is
and each receiver evenly shares the transmit power (i.e. 
B. Inter-beam Interference Analysis
A sufficient and necessary condition to form the IDFT/DFT matrix A is:
This is also the hypothesis of multiuser channel orthogonality often used for the beamspace technique [14] . When the hypothesis (20) does not hold in practice, inter-beam interference occurs. For the beamspace technique, inter-beam interference is often detrimental since beams carry uncorrelated information. However for the analogue-beam splitting technique, the interbeam interference behaves differently. More explicitly, the inter-beam interference could be either constructive or destructive.
When the multicast channel does not follow the condition specified in Lemma 2, there is a frequency-like mismatch between the real channel α t (θ k ) and a k
is the diagonal matrix with ω k in its diagonal, and ω k ∈ [−0.5, 0.5] is the frequency-like mismatch. This model is mimic to the orthogonal frequency-division multiplexing (OFDM) but in the spatial domain. Using (19), the SNR at the k th 1 receiver now read as
where B(k 1 ) denotes the term for the k th 1 beam with
and IBI denotes the inter-beam interference specified by
(25) It can be observed that the IBI term vanishes for the case of ω k1 = 0. When ω k1 = 0, the interference term I(k 2 ) can be constructive given
or destructive given
The triangular theorem tells us the condition for (26) to hold is
with |I(k 2 )| ≤ |B(k 1 )|; or otherwise (27) holds.
C. Non-orthogonal Beam Splitting
One of shortcomings for the orthogonal beam splitting is the energy leaking due to the presence of frequencylike mismatch, which could largely reduce |B k |. To overcome this shortcoming, here we propose a nonorthogonal beam splitting approach.
The non-orthogonal approach shares the same idea as the orthogonal approach when performing the antennaelement grouping. The major difference lies in the form of the beamforming vector. Instead of using (17), the beamforming vector is now formed by
where α t,k is the concise version of α t (θ k ). By this means, we always have
which reaches the maximum. The inter-beam interference is now represented by
It is not hard to understand that the non-orthogonal approach outperforms the orthogonal approach thanks to the minimization of energy leaking. On the other hand, it also faces the problem of destructive interference, and this issue will be further discussed in Sec. IV. 
IV. NUMERICAL RESULTS AND DISCUSSION
Computer simulation is performed to examine the mmWave multicast channel capacity and radio coverage as far as the non-orthogonal analogue-beam splitting approach is concerned. Throughout the simulation, we assume that mobile devices operate at 26 GHz carrier frequency with the signal bandwidth of 20 MHz. Each mobile device has 32 antenna elements supported by a single RF chain for the signal transmission or reception. The transmit power is set to 10 dBm, and the noise spectrum density is −174 dBm/Hz [15] . For the sake of link-level performance evaluation, the system setup follows the 2-D model depicted in Fig. 1 . All receivers are uniformly distributed on the circle centered at the transmitter with the radius d varying from 5 − 80 m. The mmWave multipath channel model is based upon the practical measurement result obtained at one of Surrey University's buildings which has a large openplan office (40 × 40 m 2 ). Basically, the beams follow Laplace distribution, and the multipath components are 15−30 dB weaker than the LOS path. This model is well in line with other published mmWave channel models [16] . Fig. 2 illustrates the multicast channel capacity as a function of the radio coverage (i.e. d in meter). Generally, the multicast channel capacity degrades with the increase of receivers. This phenomenon well coincides with our theoretical analysis in (10) . Moreover, the capacity degradation due to mmWave path-loss can also be observed from the figure. Fig. 3 illustrates the multicast channel capacity vs. the radio coverage for the case of having four receivers. The baseline for performance comparison is mainly the TDD beam-steering approach. It can be observed that the proposed beam-splitting approach significantly outperforms the TDD beam-steering approach by 2 − 3 fold in the capacity given the same coverage. This is because the TDD beam-steering approach has its capacity degrades linearly with the number of receivers, while the beam splitting approach has its capacity degrades logarithmically. When the mmWave channel is forced to be orthogonal between receivers, the nonorthogonal approach reduces to the orthogonal approach and does not suffer inter-beam interference. Interestingly, the performance of interference-free case does not offer considerable gain when comparing with the case of non-orthogonal random channel. To understand this phenomenon, we plot in Fig. 4 the percentage for the following case Capacity of non-orthogonal channel Capacity of orthogonal channel = η ≤ 1 (32)
It is observed that: 1) for the two-receiver system, there are around 45% channel realizations having the capacity lower than the orthogonal-channel case. In other words, there are around 55% channel realizations offering constructive inter-beam interference. In addition, there are only a very small portion of destructive interference that largely reduces the capacity (e.g. it is around 5% for η ≤ 0.8); 2) with the increase of receivers to four, there are more destructive impact from the interference. Nevertheless, the portion of very destructive interference is still around 30 − 40%, and the portion of constructive interference is more than 30%. This explains the minor difference between the orthogonal channel and the random channel. Indeed, the interference will become more destructive with further increase the number of receivers. However, we argue that the channel capacity and radio coverage will have a significant drop in this case, and no longer favorable for multiuser wireless communications.
V. CONCLUSION
This paper has presented a novel analogue-beam splitting approach to enable D2D multicast communication over mmWave channel. Based on the 2-D circular system model, the multicast channel capacity, radio coverage as well as their trade-off were theoretically studied at the link level. The feasibility condition and design principle for the analogue-beam splitting were mathematically established. Computer simulations were utilized to elaborate our theoretical analysis and demonstrate significant gain (2 − 3 fold) of using the proposed approach over the TDD beam-steering approach.
